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EINSTEIN METRICS AND GIT STABILITY
AKITO FUTAKI AND HAJIME ONO
Abstract. In this expository article we review the problem of finding Einstein
metrics on compact Ka¨hler manifolds and Sasaki manifolds. In the former half
of this article we see that, in the Ka¨hler case, the problem fits better with the
notion of stability in Geometric Invariant Theory if we extend the problem to
that of finding extremal Ka¨hler metrics or constant scalar curvature Ka¨hler
(cscK) metrics. In the latter half of this paper we see that most of ideas in
Ka¨hler geometry extend to Sasaki geometry as transverse Ka¨hler geometry.
We also summarize recent results about the existence of toric Sasaki-Einstein
metrics.
1. Introduction
As the Riemannian metrics of constant curvature on compact Riemann surfaces
are used in Teichmu¨ller theory it is an important problem to find a metric which is
canonical in a certain sense on a given Ka¨hler manifold. A typical such result would
be the proof of the Calabi conjecture published in 1977 by Yau ([65]). This result
says that given a compact Ka¨hler manifoldM with c1(M) = 0 there exists a unique
Ka¨hler metric with the Ricci curvature identically zero, called a Ricci-flat Ka¨hler
metric, in each Ka¨hler class, and now a compact Ka¨hler manifold with c1(M) = 0 is
called a Calabi-Yau manifold. In the case when c1(M) < 0, namely in the case when
the first Chern class is represented by a real closed (1, 1)-form whose coefficients
form a negative definite Hermitian matrix, the existence of a Ka¨hler metric with
the Ricci curvature equal to −1 times the Ka¨hler metric, called a Ka¨hler-Einstein
metric with negative sign, was proved by Yau ([65]) and also by Aubin ([2]) around
the same time as the Calabi conjecture. On the other hand in the case when
c1(M) > 0 the problem of finding a Ka¨hler-Einstein metric of positive sign is known
to have various obstructions, and complete understanding has not been obtained. A
compact Ka¨hler manifold with c1(M) > 0 is called a Fano manifold. By a theorem
of Matsushima ([53]) the complex Lie algebra h(M) of all holomorphic vector fields
on a compact Ka¨hler-Einstein manifold is reductive, and by a result of the first
author ([29]) for any given Fano manifold M there exists a Lie algebra character
f : h(M)→ C with the property that f = 0 if M admits a Ka¨hler-Einstein metric.
These two results therefore give obstructions to the existence of Ka¨hler-Einstein
metrics. On the other hand Yau conjectured that the existence of Ka¨hler-Einstein
metrics in the case of c1(M) > 0 will be equivalent to certain sense of stability in
Geometric Invariant Theory (GIT for short) ([66]). This conjecture comes from the
well-known results about finding Hermitian-Einstein metrics on holomorphic vector
bundles over compact Ka¨hler manifolds. If one can find an Hermitian-Einstein
metric on a holomorphic vector bundle over a compact Ka¨hler surface, it gives
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a special case of anti-self dual connection. In the gauge theoretic study of four
manifolds in 1980’s Donaldson proved that the existence of an Hermitian-Einstein
metric on a holomorphic vector bundle over a compact Ka¨hler surface is equivalent
to the stability of the vector bundle in the sense of Mumford and Takemoto, a kind
of GIT stability. In the case of holomorphic vector bundles over compact Ka¨hler
manifolds of higher dimensions a similar result was proved by Uhlenbeck and Yau,
see [25] for the detail of these results. Yau’s conjecture for Ka¨hler-Einstein metrics
in the positive case suggests that the GIT stability should play the key role similarly
to the vector bundle case.
The necessity of GIT stability was shown first by Tian [59]. He introduced the
notion of K-stability and proved that if a Fano manifoldM admits a Ka¨hler-Einstein
metric then M is K-stable. To define K-stability one first considers degenerations
of Fano manifolds as algebraic varieties then defines K-stability using f as a numer-
ical invariant to measure the stability. Tian also proved that the “properness” of
Mabuchi K-energy is equivalent to the existence of Ka¨hler-Einstein metric. Mabuchi
K-energy amounts to the log of Quillen metric of the determinant line bundle of
certain elliptic operator over the space of Ka¨hler metrics (see Tian [58] ). The space
of Ka¨hler metrics can be regarded as an orbit of the action of symplectic diffeo-
morphisms, and the properness of Mabuchi K-energy and the stability are therefore
considered to be equivalent. Thus the properness of Mabuchi K-energy implies GIT
stability. Such an explanation has been given in the case of Hermitian-Einstein vec-
tor bundles ([25]). Fujiki [28] and Donaldson [21] used the moment map picture of
GIT stability to show the relationship between the existence of Ka¨hler metric of
constant scalar curvature and GIT stability.
The facts mentioned above can be found in earlier Sugaku articles by the first
author [31] in 1992 and Bando [3] in 1998. The book written by Nakajima [55]
in 1999 also include the detail of the above facts. The present article therefore is
restricted only to the later development. However, after the two papers [22] in 2001
and [23] in 2002 by Donaldson, papers in this field increased rapidly and it is not
possible to cover all of them. We restrict ourselves therefore mainly to our own
results and to own interest, and omit many important results by other authors.
Below is the summary of later sections. In section 2 we see the moment map
picture of GIT stability and show that the scalar curvature becomes the moment
map following the arguments of Fujiki and Donaldson. This shows that Ka¨hler
metrics of constant scalar curvature or extremal Ka¨hler metrics are more directly
related to GIT stability rather than Ka¨hler-Einstein metrics. Though Matsushima’s
theorem and the character f were obtained first as obstructions to the existence
of Ka¨hler-Einstein metrics they are extended to obstructions to the existence of
Ka¨hler metrics of constant scalar curvature metrics. Matsushima’s theorem is fur-
ther extended as a structure theorem for the Lie algebra of all holomorphic vector
fields on compact Ka¨hler manifolds with extremal Ka¨hler metrics ([15]). We see
that these results can be obtained by applying the proofs for the corresponding facts
in the framework of moment map picture of the finite dimensional model. The Lie
algebra character f can be extended to obstructions for higher Chern forms to be
harmonic ([4]). Using this fact we consider a perturbation of extremal Ka¨hler met-
rics by perturbing the scalar curvature incorporating the higher Chern forms. In
this case again the finite dimensional model suggests the right proofs of the results
which are expected to be true ([34], [35]).
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In section 3 we discuss the relationship between the existence of Ka¨hler metrics
of constant scalar curvature and asymptotic Chow semistability. We see first of all
that the character f appears as an obstruction to asymptotic Chow semistability.
We then discuss on the results obtained by Donaldson ([22]) and others.
In section 4 we state the conjecture about the equivalence of K-stability and
the existence of Ka¨hler metrics of constant scalar curvature. Donaldson re-defined
the character f in the manner of algebraic geometry, and used it to re-define the
notion of K-stability. Under the new definitions it is shown that the existence of
Ka¨hler metrics of constant scalar curvature implies K-semistability ([17], [24]). In
Donaldson’s definition of K-stability one uses the pair of a Ka¨hler manifold and
an ample line bundle L, but for general Ka¨hler manifold with general Ka¨hler class
one can define K-stability using the geodesics in the space of Ka¨hler metrics and
the behavior of Mabuchi K-energy along the geodesics. It is conjectured that K-
stability is a necessary and sufficient condition for the existence of Ka¨hler metrics
of constant scalar curvature.
In section 5 we will discuss on the existence problem of Einstein metrics on Sasaki
manifolds, called Sasaki-Einstein metrics. Sasaki-Einstein metrics are studied in
recent years both in mathematics and physics since they play an important role in
the study of AdS/CFT correspondence in superstring theory. Sasaki manifolds are
contact Riemannian manifolds whose cone is a Ka¨hler manifold, and thus they are
odd dimensional. The Reeb vector field defined by the contact structure admits a
transverse Ka¨hler structure. If a Sasaki manifold admits an Einstein metric then
the Ricci curvature is necessarily positive, and thus if the manifold is complete
then it is compact. Further the transverse Ka¨hler structure also admits positive
Ka¨hler-Einstein metric. If M is a Fano manifold and S is the total space of the
U(1)-bundle associated with the canonical line bundle then S is a Sasaki manifold.
If M admits no nontrivial holomorphic vector field then finding a Sasaki-Einstein
metric on S is equivalent to finding a Ka¨hler-Einstein metric. Thus it is apparent
that the stability plays a role in this case. However if M admits a nontrivial
torus action then the Sasaki structure on S can be deformed by the deformations
of Reeb vector field inside the Lie algebra of the torus, and hence there is more
possibility for S to admit a Sasaki-Einstein metric. In fact the authors were able
to prove that a (2m+1)-dimensional Sasaki manifold admitting an effective action
of (m+1)-dimensional torus admits a Sasaki-Einstein metric if S is described by a
“toric diagram of height ℓ” ([38], [19]). In particular the total space of U(1)-bundle
associated with the canonical line bundle KM of a toric Fano manifold M admits a
Sasaki-Einstein metric. Applying this we can show that for any positive integer k,
the k-fold connected sum k(S2×S3) of S2×S3 carries countably many deformation
inequivalent toric Sasaki-Einstein metrics ([19]). As another application we can
prove the existence of a complete Ricci-flat Ka¨hler metric on the total space of the
canonical line bundle KM of a toric Fano manifold M ([36]).
2. Symplectic geometry and scalar curvature
Let (Z,Ω) be a Ka¨hler manifold and suppose that a compact Lie group K acts
on Z as holomorphic isometries. Then the complexification Kc of K acts on Z
as biholomorphisms. The actions of K and Kc induce homomorphisms of the Lie
algebras k and kc of K and Kc to the real Lie algebra Γ(TZ) of all smooth vector
fields on Z. We shall denote these homomorphisms by the same letter ρ. Then for
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ξ, η ∈ k, ξ + iη ∈ kc we have
ρ(ξ + iη) = ρ(ξ) + Jρ(η),
where J denotes the complex structure of Z. Let [Ω] be a de Rham class which
represents an integral cohomology class, and let L → Z be the holomorphic line
bundle with c1(L) = [Ω]. There exists an Hermitian metric h on L
−1 such that its
Hermitian connection θ satisfies
− 1
2π
dθ = π∗Ω
where π : L−1 → Z denotes the projection. If we lift the action of Kc to L−1
then a moment map µ : Z → k∗ is determined (see [25], section 6.5). Suppose that
p ∈ L−1− zero section and x ∈ Z satisfy π(p) = x. Let Γ = Kc ·x be the Kc-orbit
through x ∈ Z, and Γ˜ = Kc · p be the Kc-orbit through p ∈ L−1. We say that
x ∈ Z is polystable with respect to the Kc-action if Γ˜ is a closed subset in the
total space of L−1. We define a function ℓ : Γ˜→ R on Γ˜ by
ℓ(γ) = log |γ|2
where the norm |γ| is taken with respect to h. The following is well-known, see
[25], section 6.5 again.
• The function ℓ has a critical point if and only if the moment map µ : Z → k∗
has a zero on Γ.
• The function ℓ is convex.
From these two facts the next propositions follow.
Proposition 2.1. The point x ∈ Z is polystable with respect to the action of Kc
if and only if the moment map µ has a zero on Γ.
Proposition 2.2. There is at most one connected component of the zero set {x ∈
Γ | µ(x) = 0} of the moment map on Γ. Further if {x ∈ Γ | µ(x) = 0} is not empty
the function ℓ takes its minimum on {p ∈ Γ˜ | µ(π(p)) = 0} and thus ℓ is bounded
from below.
Fixing x ∈ Z, we denote by µ(x) : kc → C the C-linear extension of µ(x) : k→ R.
LetKx and (K
c)x be the stabilizer subgroups at x of the action ofK andK
c, and let
kx and (k
c)x be their respective Lie algebras. Let fx : (k
c)x → C be the restriction
of µ(x) : kc → C to (kc)x. Notice that (Kc)gx = g(Kc)xg−1. See [64] or [33] for the
proofs of Proposition 2.3 and Proposition 2.4.
Proposition 2.3 ([64]). Fix x0 ∈ Z. Then for x ∈ Kc · x0, fx is Kc-equivariant,
that is fgx(Y ) = fx(Ad(g
−1)Y ). In particular if fx vanishes for some x ∈ Kc · x0
then it vanishes for every x ∈ Kc · x0. Furthermore fx : (kc)x → C becomes a Lie
algebra homomorphism.
Suppose we are given a K-invariant inner product on k. Then we have a natural
identification k ∼= k∗, and k∗ also has a K-invariant inner product. Let us consider
the function φ : Kc · x0 → R given by φ(x) = |µ(x)|2. A critical point x ∈ Kc · x0
of φ is called an extremal point.
Proposition 2.4 ([64]). Let x ∈ Kc · x0 be an extremal point. Then we have a
decomposition of the Lie algebra
(kc)x = (kx)
c +
∑
λ>0
kcλ
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where kcλ is the λ-eigenspace of ad(
√−1µ(x)), and √−1µ(x) belongs to the center
of (kx)
c. In particular we have (kx)
c = (kc)x if µ(x) = 0.
We wish to extend the above results to Ka¨hler geometry. For this purpose let us
recall basic definitions in Ka¨hler geometry. A Ka¨hler metric g = (gij) on a compact
Ka¨hler manifold M is called an extremal Ka¨hler metric if the (1, 0)-part
grad1,0S =
m∑
i,j=1
gij
∂S
∂zj
∂
∂zi
of the gradient vector field of the scalar curvature S is a holomorphic vector field.
An extremal Ka¨hler metric is a critical point of the functional
g 7→
∫
M
|S|2dVg
on the space of all Ka¨hler metrics in a fixed Ka¨hler class. If the scalar curvature
S is constant then its gradient vector field is zero, and in particular a holomorphic
vector field and thus the metric is an extremal Ka¨hler metric. A Ka¨hler-Einstein
metric is a Ka¨hler metric whose Ricci curvature
Rij = −
∂2
∂zi∂zj
log det g
is proportional to the Ka¨hler metric g. Then there exists a real constant k such
that
(1) Rij = kgij .
Such a metric has constant scalar curvature and a Ka¨hler-Einstein metric is an
extremal Ka¨hler metric. On the other hand the Ricci form
ρg =
√−1
2π
m∑
i,j=1
Rijdz
i ∧ dz¯j
represents the first Chern class c1(M) as a de Rham class. In accordance with the
sign of k, c1(M) is represented by a positive, 0 or negative (1, 1)-form. We express
these three cases by writing c1(M) > 0, c1(M) = 0 or c1(M) < 0. Apparently it is
necessary forM to admits a Ka¨hler-Einstein metric that one of the three conditions
is satisfied. One may ask the converse. The cases when c1(M) < 0 and c1(M) = 0
has been settled while the case when c1(M) > 0 has not been completely settled as
was explained in section 1.
In the usual arguments in Ka¨hler geometry the complex structure is fixed and
some Ka¨hler class [ω0] of a Ka¨hler form is fixed, and then consider the variational
problem of finding extremal Ka¨hler metrics by varying the Ka¨hler form ω in the de
Rham class [ω0]. On the other hand we will consider later the moment map given
by the scalar curvature where ω is fixed and ω-compatible complex structure J is
varied. As a matter of fact a variational problem in this setting leads to extremal
Ka¨hler metrics as critical points. Later we will study perturbed scalar curvature
and see that the perturbed extremal Ka¨hler metrics are obtained as a critical point
of the variations of ω-compatible complex structures but not obtained as a critical
point of the variations of Ka¨hler forms compatible with fixed complex structure J
([34], [35]).
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Let h(M) denote the complex Lie algebra of all holomorphic vector fields on M
and set
h0(M) = {X ∈ h(M) |X has a zero}.
It is a well-known result ([48] or [45]) that for X ∈ h0(M) there exists a unique
complex-valued smooth function uX such that
(2) i(X)ω = −∂uX .
In this sense h0(M) coincides with the set of all “Hamiltonian” holomorphic
vector fields. (The terminology “Hamiltonian” may be misleading because X does
not preserve the symplectic form unless uX is a real valued function. ) We always
assume that Hamiltonian function uX is normalized as
(3)
∫
M
uX ω
m = 0.
Let (M,ω0, J0) be a compact Ka¨hler manifold where ω0 denotes a Ka¨hler form
and J0 a complex structure. We assume dimRM = 2m. In what follows ω0 shall be
a fixed symplectic form and the complex structures shall be varied. Let Z be the
set of all complex structures J which are compatible with ω0. Here, we say that J
is compatible with ω0 if
ω0(JX, JY ) = ω0(X,Y ), ω0(X, JX) > 0
are satisfied for all X, Y ∈ TpM . Therefore, for each J ∈ Z, the triple (M,ω0, J) is
a Ka¨hler manifold. In this situation the tangent space of Z at J is a subspace of the
space Sym2(T ∗0,1M) of symmetric tensors of type (0, 2), and the natural L2-inner
product on Sym2(T ∗0,1M) gives Z a Ka¨hler structure.
The set of all smooth functions u on M with∫
M
uωm0 /m! = 0
is a Lie algebra with respect to the Poisson bracket in terms of ω0. Denote this
Lie algebra by k and let K be its Lie group. Namely K is a subgroup of the group
of symplectomorphisms generated by Hamiltonian diffeomorphisms. K acts on the
Ka¨hler manifold Z as holomorphic isometries.
Theorem 2.5 ([28], [21]). Let SJ be the scalar curvature of the Ka¨hler manifold
(M,ω0, J) and let µ : Z → k∗ be the map given by
< µ(J), u >=
∫
M
SJ uω
m
0
where u ∈ k. Then µ is a moment map for the action of K on Z.
In this situation there is no action on Z of the complexificationKc ofK. However
there is a natural infinitesimal action on Z of the complexified Lie algebra kC. This
gives Z a foliation structure and each leaf can be regarded as the set of all (ω0, J)
which corresponds to (ω, J0) with [ω] = [ω0] via Moser’s theorem. In this sense each
leaf can be regarded as a space of Ka¨hler forms in a given Ka¨hler class. Ignoring
this subtlety one may apply Propositions 2.2, 2.3 and 2.4 to Z formally then they
imply three well-known results in Ka¨hler geometry which we now explain.
Before explaining them let us digress by a remark. Theorem 2.5 implies that J
is a critical point of
J 7→
∫
M
|SJ |2ωm0
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if and only if (M,J, ω0) is an extremal Ka¨hler manifold.
First of all Proposition 2.2 implies the following result. The function ℓ in Propo-
sition 2.2 amounts to a functional on the space of Ka¨hler forms in a given Ka¨hler
class, called the Mabuchi K-energy.
Theorem 2.6 ([17]). Let M be a compact Ka¨hler manifold, [ω0] a fixed Ka¨hler
class. There is at most one connected component of the space of all constant scalar
curvature Ka¨hler metrics in [ω0]. If there is one component, the Mabuchi K-energy
attains its minimum on this component. In particular the Mabuchi K-energy is
bonded from below if there exits a constant scalar curvature Ka¨hler metric in [ω0].
Let us see next what Proposition 2.3 implies. First of all, since x ∈ Z is an
ω0-compatible complex structure, its stabilizer subgroup Kx consists of all biholo-
morphisms expressed as Hamiltonian diffeomorphisms.
Choose any ω ∈ [ω0]. Then by (2), a Hamiltonian holomorphic vector field X is
expressed as X =
√−1grad1,0uX . Here, grad1,0uX is the (1, 0)-part
grad1,0uX =
m∑
i,j=1
gij
∂uX
∂zj
∂
∂zi
of the gradient vector field of uX . Then by Proposition 2.3 we obtain a Lie algebra
homomorphism
(4) f(X) := −√−1〈µ(J), uX〉 = −
√−1
∫
M
uXSJω
m =
∫
M
XF ωm
where F ∈ C∞(M) is given by
∆F = SJ −
∫
M
SJω
m∫
M ω
m
.
Theorem 2.7 ([29], [15]). Let M be a compact Ka¨hler manifold, [ω0] a fixed Ka¨hler
class. Then the Lie algebra homomorphism f given by (4) does not depend on the
choice of a Ka¨hler form ω ∈ [ω0]. Further, if there exists a constant scalar curvature
Ka¨hler metric in the Ka¨hler class [ω0] then we have f = 0.
Proposition 2.4 implies the following.
Theorem 2.8 ([15]). Let M be a compact extremal Ka¨hler manifold. Then the Lie
algebra h(M) has a semi-direct sum decomposition
h(M) = h0 +
∑
λ>0
hλ
where hλ is the λ-eigenspace of ad(
√−1grad1,0S), and √−1grad1,0S belongs to the
center of h0. Further h0 is reductive.
From this theorem it follows that ifM admits a constant scalar curvature Ka¨hler
metric then we have h(M) = h0, and therefore h(M) is reductive. This result is
called the Lichnerowicz-Matsushima theorem and is a well-known obstruction for
the existence of Ka¨hler metrics of constant scalar curvature.
Next, we consider the case of perturbed scalar curvature, and see that we obtain
similar results to the unperturbed case as symplectic geometry and dissimilar results
as Ka¨hler geometry.
7
In what follows we use ω instead of ω0 to denote a fixed Ka¨hler form. For a
pair (J, t) of a real number with sufficiently small t and an ω-compatible complex
structure J ∈ Z, we define a smooth function S(J, t) on M by
(5) S(J, t)ωm = c1(J) ∧ ωm−1 + tc2(J) ∧ ωm−2 + · · ·+ tm−1cm(J).
Here ci(J) denotes the i-th Chern form with respect to (J, ω), which is defined by
(6) det(I +
√−1
2π
tΘ) = 1 + tc1(J) + · · ·+ tmcm(J)
where Θ denotes the curvature form of the Levi-Civita connection for (J, ω).
We say that the Ka¨hler metric g of a Ka¨hler manifold (M,J, ω) is a t-perturbed
extremal Ka¨hler metric or simply perturbed extremal Ka¨hler metric if
(7) grad1,0S(J, t) =
m∑
i,j=1
gij
∂S(J, t)
∂zj
∂
∂zi
is a holomorphic vector field.
Proposition 2.9 ([34]). If we define a functional Φ on Z by
(8) Φ(J) =
∫
M
S(J, t)2ωm
then the critical points of Φ are perturbed extremal Ka¨hler metric.
The proof of Proposition 2.9 follows from the fact that the perturbed scalar
curvature becomes the moment map (cf. Theorem 2.10 below) just as in the unper-
turbed case. The perturbed scalar curvature becomes the moment map with respect
to the perturbed symplectic structure on Z described as follows. The tangent space
of Z at J is identified with a subspace of Sym(⊗2T ∗0,1M). When the real number
t is small enough, we define the Hermitian structure on Sym(⊗2T ∗0,1M) by
(9) (ν, µ)t =
∫
M
mcm(νjk µ
i
ℓ
√−1
2π
dzk∧dzℓ, ω⊗I+
√−1
2π
tΘ, · · · , ω⊗I+
√−1
2π
tΘ).
Here µ and ν are tangent vectors in TJZ, and cm is regarded as the polarization of
the determinant which is aGL(m,C)-invariant polynomial. That is, cm(A1, · · · , Am)
is the coefficient of m! t1 · · · tm in det(t1A1 + · · ·+ tmAm). Further, I denotes the
identity matrix, Θ = ∂(g−1∂g) denotes the curvature form the Levi-Civita con-
nection and ujkµ
i
l¯
is regarded as an endomorphism of T 1,0J M that sends ∂/∂z
j
to ujkµ
i
l¯
∂/∂zi. When t = 0, (9) is the usual L2-inner product. The perturbed
symplectic form ΩJ,t at J ∈ Z is given by
ΩJ,t(ν, µ) = ℜ(ν,
√−1µ)t(10)
= ℜ
∫
M
mcm(νjk
√−1µiℓ
√−1
2π
dzk ∧ dzℓ, ω ⊗ I +
√−1
2π
tΘ,
· · · , ω ⊗ I +
√−1
2π
tΘ)
where ℜ stands for the real part.
Theorem 2.10 ([34]). If δJ = µ then we have
(11) δ
∫
M
u S(J, t)ωm = ΩJ,t(2
√−1∇′′∇′′u, µ).
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That is, the perturbed scalar curvature S(J, t) becomes the moment map for the
action of the group of all Hamiltonian diffeomorphisms with respect to the perturbed
symplectic form ΩJ,t.
Let us now fix J and write S(ω, t) for the perturbed scalar curvature in terms
of ω ∈ [ω0] given by the right hand side of (5). It appears that the critical points
of the functional
ω 7→
∫
M
|S(ω, t)|2ωm
on [ω0] are not perturbed extremal Ka¨hler metrics (cf. Remark 3.3 in [34]). In the
perturbed case we also have results corresponding to Proposition 2.3 and 2.4 as in
the unperturbed case. In fact, corresponding to Proposition 2.3 we obtain Bando’s
obstructions ([4]) for higher Chern forms to be harmonic, see [35] and section 3 of
this article. Proposition 2.4 suggests that we should have a similar decomposition
theorem in the perturbed case. Using the arguments of L.-J. Wang ([62]) one can
give a rigorous proof of the decomposition theorem, see [35]. However it seems hard
to give a rigorous proof of the uniqueness theorem that Proposition 2.2 suggests.
3. Asymptotic Chow semistability and integral invariants
In the previous section we saw how compact Ka¨hler manifolds with constant
scalar curvature can be seen from the viewpoints of GIT stability through the
picture of moment maps. We also saw how the well-known obstructions such as
the Lie algebra character f given by (4) and the Lichnerowicz-Matsushima theorem
appear in this moment map picture. In this section we shall see that the character
f is an obstruction for the asymptotic Chow semistability. This fact shows that
the existence of constant scalar curvature Ka¨hler metric really concerns stability in
algebraic geometry. This section is based on [32].
Let PG →M be a holomorphic principal G bundle over a compact Ka¨hler man-
ifold. We assume that G is a complex Lie group acting on PG as a structure group
from the right. We further assume that a complex Lie group H acts holomorphi-
cally on PG from the left commuting with right action of G. Therefore, in this case,
H acts also on M as automorphisms.
Suppose that the principal G-bundle PG has a connection whose connection form
is type (1, 0) form on PG. We call such a connection a type (1, 0)-connection. A
typical such connection is the canonical connection of the holomorphic frame bundle
of an Hermitian holomorphic vector bundle. Namely there is a unique connection
on an Hermitian holomorphic vector bundle such that the connection is compatible
with the metric and (0, 1)-part of the covariant exterior differentiation is equal to
∂. Therefore in this case the connection form is of type (1, 0).
Let θ be a type (1, 0)-connection form and Θ be the curvature form. An element
X of the Lie algebra h of H defines a G-invariant vector field on PG. By the abuse
of notation, we write X such a vector field on PG. Let I
p(G) be the set of all
G-invariant polynomials of degree p on g. Let p ≥ m and, for any φ ∈ Ip(G) we
define fφ by
fφ(X) =
∫
M
φ(θ(X) + Θ).
Then one can prove that fφ is independent of the choice of the (1, 0)-connection θ,
see [30] for the detail. From this it follows that fφ defines an element of I
p−m(H)
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and can be interpreted as the image under the Gysin map of an element of the equi-
variant cohomology ([37]). As a special case, consider the case when G = GL(m,C)
and PG is the frame bundle of the holomorphic tangent bundle of a compact Ka¨hler
manifold M . Take H to be a complex subgroup of the automorphism group of M .
H naturally acts on PG. In this case I
∗(G) is the algebras generated by the ele-
mentary symmetric functions of the eigenvalues.
For each φ ∈ Ik(G) and X ∈ h0 we put
Fφ(X) = (m− k + 1)
∫
M
φ(Θ) ∧ uX ωm−k
+
∫
M
φ(θ(X) + Θ) ∧ ωm−k+1.(12)
where uX is assumed to satisfy the normalization (3).
Theorem 3.1 ([32]). Fφ(X) is independent of the choice of the Ka¨hler form
ω ∈ [ω0] on M and also of the choice of the type (1, 0)-connection form θ on PG.
This family of integral invariants contains as a subfamily the obstructions for
higher Chern forms to be harmonic obtained by Bando [4]. Below is the detail
about this. Let M be a compact Ka¨hler manifold and [ω0] be any Ka¨hler class.
For any Ka¨hler form ω ∈ [ω0], let ck(ω) be its k-th Chern form and Hck(ω) be the
harmonic part of ck(ω). Then there is a (k − 1, k − 1)-form Fk such that
ck(ω)−Hck(ω) =
√−1
2π
∂∂Fk.
We define fk : h(M)→ C by
fk(X) =
∫
M
LXFk ∧ ωm−k+1.
Then one can show that fk is independent of the choice of ω ∈ [ω0] and therefore
fk becomes a Lie algebra homomorphism. If ck(ω) becomes a harmonic form for
some ω ∈ [ω0] then fk = 0 for such an ω. Hence we have fk = 0 in such a case.
That is to say, fk is an obstruction for a Ka¨hler class [ω0] to admit a Ka¨hler form
such that its k-th Chern form is a harmonic form.
In the case when k = 1, the first Chern form being harmonic is equivalent to the
scalar curvature being constant. This fact can be checked easily using the second
Bianchi identity. Thus f1 is an obstruction for the Ka¨hler class [ω0] to admit a
constant scalar curvature Ka¨hler (cscK) metric. In fact f1 coincides with f which
we defined by (4) in the last section.
Let us see that
Fck(X) = (m− k + 1)fk(X)
when PG is the frame bundle of the holomorphic tangent bundle of M and θ is the
Levi-Civita connection of the Ka¨hler form ω. As we will see below the second term
of (12) is 0 for φ = ck. Next, Hck(ω)∧ωm−k is harmonic, and by the uniqueness of
the harmonic form in each cohomology class this must be a multiple of the volume
form ωm/m!. Then by the normalization condition (3), Fck(X) coincides with
(m− k + 1)fk(X).
One can prove that, for φ = ck, the second term in (12) is 0 in the following
way. θ(X) is conjugate with L(X) = LX −∇X , but in the Ka¨hler case the latter
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is equal to ∇X = ∇grad1,0u. Moreover in the calculation of
∫
M
cp(θ(X),
p−1︷ ︸︸ ︷
Θ, · · · ,Θ) ∧ ωm−p+1
=
∫
M
cm(
m−p︷ ︸︸ ︷
ω ⊗ I, · · · , ω ⊗ I, ω ⊗ L(X),
p−1︷ ︸︸ ︷
Θ, · · · ,Θ)
we take the determinant both in fiber coordinates and in the base coordinates.
Because of this symmetry we have
RHS =
∫
M
cm(ω ⊗ I, · · · , ω ⊗ I, i∂∂u⊗ I,Θ, · · · ,Θ)
= −
∫
M
∂cm(ω ⊗ I, · · · , ω ⊗ I, i∂u⊗ I,Θ, · · · ,Θ)
= 0.
Let us next see that, for 1 ≤ ℓ ≤ m, FTdℓ ’s are obstructions for asymptotic
Chow semistability. Here Tdℓ is the ℓ-th Todd polynomial. Geometric invariant
theory says that to construct a moduli space with good properties such as Hausdorff
property or quasi-projectivity one has to discard unstable ones ([54]). Let V be a
vector space over C, and G be a subgroup of SL(V ). We say that x ∈ V is stable
if the orbit Gx is closed and if the stabilizer subgroup at x is finite. We say that
x ∈ V is semistable if the closure of the orbit Gx does not contain the origin o.
Let L → M be an ample line bundle. Put Vk := H0(M,Lk)∗ and let Φ|Lk| :
M → P(Vk) be the Kodaira embedding determined by Lk. Let d be the degree
of M in P(Vk). A point in the product P(V
∗
k ) × · · · × P(V ∗k ) of m + 1 copies of
P(V ∗k ) determines m+1 hyperplanes H1, · · · , Hm+1 in P(Vk). The set of all m+1
hyperplanes H1, · · · , Hm+1 such that H1 ∩ · · · ∩ Hm+1 ∩M is not empty defines
a divisor in P(V ∗k ) × · · · × P(V ∗k ). But since the degree of M is d, this divisor is
defined by Mˆk ∈ (Symd(Vk))⊗m+1. Of course Mˆk is defined up to a constant. The
point [Mˆk] ∈ P((Symd(Vk))⊗m+1) is called the Chow point of (M,Lk). M is said
to be Chow stable with respect to Lk if Mˆk is stable under the action of SL(Vk)
on (Symd(Vk))
⊗m+1. M is said to be asymptotically Chow stable with respect to
L if there exists a k0 > 0 such that Mˆk is stable for all k ≥ k0. Asymptotic Chow
semistability is defined similarly. The stabilizer Gˆk ⊂ SL(Vk) of Mˆk is a finite
covering of a subgroup Gk of the automorphism group Aut(M) of M . If we denote
by Aut(M,L) the subgroup of Aut(M) consisting of the elements which lift to an
action on L, then Gk is a subgroup of Aut(M,L).
Theorem 3.2 ([32]). If (M,L) is asymptotically Chow semistable, then for 1 ≤
ℓ ≤ m we have
(13) FTdℓ(X) = 0.
The case ℓ = 1 implies the vanishing of f1.
Note in passing that under the assumption that Aut(M,L) is discrete, Donaldson
[22] obtained the following results. The Ka¨hler form of the Fubini-Study metric of
P(Vk) is denoted by ωFS .
11
(a) Suppose that Aut(M,L) is discrete and that M is asymptotically Chow
stable. If the sequence of Ka¨hler forms ωk :=
2π
k Φ
∗
|Lk|(ωFS) belonging in
c1(L) converges in C
∞ to ω∞, then ω∞ has constant scalar curvature.
(b) Suppose that Aut(M,L) is discrete and that ω∞ ∈ 2πc1(L) has constant
scalar curvature. Then M is asymptotically Chow stable with respect to L,
and ωk converges in C
∞ to ω∞.
(c) Suppose that Aut(M,L) is discrete. Then a Ka¨hler metric of constant scalar
curvature in 2πc1(L) is unique.
The case where Aut(M,L) is not discrete is treated by T. Mabuchi in [50].
4. K-stability
In [59] Tian defined the notion of K-stability for Fano manifolds and proved that
if a Fano manifold carries a Ka¨hler-Einstein metric then M is weakly K-stable.
Tian’s K-stability considers the degenerations of M to normal varieties and uses a
generalized version of the invariant f1 defined by Ding and Tian ([20]). Note that
this generalized invariant is only defined for normal varieties.
Further Donaldson re-defined in [23] the invariant f1 for general polarized vari-
eties (or even projective schemes) and also re-defined the notion of K-stability for
(M,L). The new definition does not require M to be Fano nor the central fibers
of degenerations to be normal. We now briefly review Donaldson’s definition of
K-stability.
Let Λ → N be an ample line bundle over an n-dimensional projective scheme.
We assume that a C∗-action as bundle isomorphisms of Λ covering the C∗-action
on N .
For any positive integer k, there is an induced C∗ action on Wk = H
0(N,Λk).
Put dk = dimWk and let wk be the weight of C
∗-action on ∧dkWk. For large k, dk
and wk are polynomials in k of degree n and n + 1 respectively by the Riemann-
Roch and the equivariant Riemann-Roch theorems. Therefore wk/kdk is bounded
from above as k tends to infinity. For sufficiently large k we expand
wk
kdk
= F0 + F1k
−1 + F2k
−2 + · · · .
For an ample line bundle L over a projective variety M , a test configuration of
degree r consists of the following.
(1) A family of schemes π :M→ C:
(2) C∗-action on M covering the usual C∗-action on C:
(3) C∗-equivariant line bundle L →M such that
• for t 6= 0 one has Mt = π−1(t) ∼=M and (Mt,L|Mt) ∼= (M,Lr),
• χ(Mt, Lrt ) =
∑n
p=0(−1)p dimHp(Mt, Lrt ) does not depend on t, in particular
for r sufficiently large dimH0(Mt, L
r
t ) = dimH
0(M,Lr) for all t ∈ C. Here
we write Lrt for L|Mt though L may not exist for t = 0.
C∗-action induces a C∗-action on the central fiber L0 → M0 = π−1(0). More-
over if (M,L) admits a C∗-action, then one obtains a test configuration by taking
the direct product M × C. This is called a product configuration. A product
configuration is called a trivial configuration if the action of C∗ on M is trivial.
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Definition 4.1. (M,L) is said to be K-semistable (resp. stable) if the F1 of the
central fiber (M0, L0) is non-positive (negative) for all non-trivial test configura-
tions. (M,L) is said to be K-polystable if it is K-semistable and F1 = 0 only if the
test configuration is product.
Conjecture([23]) : A Ka¨hler metric of constant scalar curvature will exist in the
Ka¨hler class c1(L) if and only if (M,L) is K-polystable.
The following lemma shows that F1 coincides with a positive multiple of −f(X)
if the central fiber is nonsingular. Here X denotes the infinitesimal generator of the
Cast-action. The lemma and Tian’s analysis on the behavior of Mabuchi K-energy
motivates the Conjecture above. Recall that Λ was an ample line bundle with C∗-
action over a projective scheme N and that F1 was defined for (N,Λ). Suppose that
N is nonsingular algebraic variety and take any Ka¨hler form ω in c1(Λ). Denote
by ρ and σ the Ricci form and the scalar curvature of ω respectively.
Lemma 4.2 ([23]). If N is a nonsingular projective variety then
F1 =
−1
2vol(N,ω)
f1(X)
where X is the infinitesimal generator of the C∗-action and f1 is the integral in-
variant defined in section 2.
Proof. Let us denote by n the complex dimension of N . Expand h0(Λk) and w(k)
as
h0(Λk) = a0k
n + a1k
n−1 + · · · ,
w(k) = b0k
n+1 + b1k
n + · · · .
Then by the Riemann-Roch and the equivariant Riemann-Roch formulae
a0 =
1
n!
∫
N
c1(Λ)
n = vol(N),
a1 =
1
2(n− 1)!
∫
N
ρ ∧ c1(Λ)n−1 = 1
2n!
∫
N
σωn,
b0 =
1
(n+ 1)!
∫
N
(n+ 1)uXω
n,
b1 =
1
n!
∫
N
nuXω
n−1 ∧ 1
2
c1(N) +
1
n!
∫
N
divX ωn.
The last term of the previous integral is zero because of the divergence formula.
Thus
w(k)
kh0(k)
=
b0
a0
(1 + (
b1
b0
− a1
a0
)k−1 + · · · )
from which we have
F1 =
b0
a0
(
b1
b0
− a1
a0
) =
1
a20
(a0b1 − a1b0)
=
1
2vol(N)
∫
N
uX(σ − 1
vol(N)
∫
N
σ
ωn
n!
)
ωn
n!
=
1
2vol(N)
∫
N
uX∆F
ωn
n!
=
−1
2vol(N)
∫
N
XF
ωn
n!
=
−1
2vol(N)
f1(X).
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5. Existence and uniqueness of Sasaki-Einstein metrics
The notion of Sasaki manifold was introduced by Sasaki and Hatakeyama in
[57]. Sasaki manifolds are a kind of odd dimensional analog of Ka¨hler manifolds.
Because of the similarity to Ka¨hler manifolds, Sasaki manifolds had not been in
the spotlight for a long time. Especially, it had been believed that the existence
problem of Sasaki-Einstein metrics is reduced to that of Ricci positive Ka¨hler-
Einstein metrics on Fano orbifolds.
However the situation changed drastically in the late 1990’s. It was pointed out
by physicists that Sasaki-Einstein manifolds play an important role in AdS/CFT
correspondence. In fact Gauntlett, Martelli, Sparks and Waldram gave infinitely
many examples of Sasaki-Einstein manifolds which are not obtained as the total
spaces of S1-orbibundles of locally cyclic Ka¨hler-Einstein orbifolds, [39]. We now
recognize that the set of Sasaki-Einstein manifolds is strictly larger than that of
locally cyclic Ricci positive Ka¨hler-Einstein orbifolds. In fact, in the joint works
of the authors, Guofang Wang and Koji Cho, [38], [19], we solve the existence and
uniqueness problem of toric Sasaki-Einstein manifolds completely. Then we see that
there are much more toric Sasaki-Einstein manifolds than toric Ka¨hler-Einstein
orbifolds. In the present chapter, we will explain such existence and uniqueness
results of Sasaki-Einstein manifolds.
5.1. Sasaki manifolds. First of all, we define Sasaki manifolds as follows. Let
(S, g) be a Riemannian manifold. We denote its Riemannian cone (R+×S, dr2+r2g)
by (C(S), g¯).
Definition 5.1. A Riemannian manifold (S, g) is said to be a Sasaki manifold
if the Riemannian cone (C(S), g) is Ka¨hler.
The dimension of Sasaki manifold (S, g) is odd, and (S, g) is isometric to the
submanifold {r = 1} = {1} × S ⊂ (C(S), g). When a Sasaki manifold (S, g) is
given, there are some important objects associated with it; let J be a complex
structure on C(S) such that (C(S), J, g¯) is Ka¨hler. Then we get the vector field ξ˜
and the 1-form η˜ on C(S) defined as
ξ˜ = Jr
∂
∂r
, η˜ =
1
r2
g¯(ξ˜, ·) = √−1(∂¯ − ∂) log r.
It is easily seen that the restrictions ξ = ξ˜|S and η = η˜|S to {r = 1} ≃ S give
a vector field and a 1-form on S. These are usually called the Reeb vector field
and the contact form respectively in Contact geometry context. By the abuse of
terminology we call ξ˜ and η˜ the Reeb vector field and the contact form on C(S)
respectively. The Reeb vector field ξ˜ is a Killing vector field on (C(S), g¯) with the
length g¯(ξ˜, ξ˜)1/2 = r. The complexification ξ˜ − √−1Jξ˜ of the Reeb vector field is
holomorphic on (C(S), J).
The Ka¨hler form ω of (C(S), J, g¯) is
ω =
1
2
d(r2η˜) =
√−1
2
∂∂¯r2.
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Example 5.2. A typical example of Sasaki manifold is the odd dimensional unit
sphere S2m+1(1). The Riemannian cone of S2m+1(1) is (Cm+1 \ {0}, 〈 , 〉), where
〈 , 〉 is the standard inner product. The Reeb vector field is given by
ξ˜0 =
m∑
j=0
(xj
∂
∂yj
− yj ∂
∂xj
) =
√−1
m∑
j=0
(zj
∂
∂zj
− z¯j ∂
∂z¯j
).
Now it is obvious that there is a close relationship between (2m+1)-dimensional
Sasaki manifolds and the Riemannian cones, which are Ka¨hler manifolds of complex
dimensionm+1. It is also important to notice that there is a complexm dimensional
Ka¨hler structure on the transverse direction of the foliation defined by the vector
field ξ. Let (S, g) be a Sasaki manifold and ξ˜ the Reeb vector field on C(S). Then
ξ = ξ˜{r=1} is a vector field on S and g(ξ, ξ) = 1. Hence ξ defines a one dimensional
foliation Fξ on S. We call Fξ the Reeb foliation. On the other hand the holomorphic
vector field ξ˜ −√−1Jξ˜ generates a holomorphic flow on C(S). The local orbits of
this flow defines a transversely holomorphic structure, we denote it by Φ, which
we denote by Φ, on the Reeb foliation Fξ in the following sense. There are an
open covering {Uα}α∈A of S and submersions πα : Uα → Vα ⊂ Cm such that when
Uα ∩ Uβ 6= ∅
πα ◦ π−1β : πβ(Uα ∩ Uβ)→ πα(Uα ∩ Uβ)
is biholomorphic. On each Vα we can give a Ka¨hler structure as follows. Let
D = Ker η ⊂ TS. There is a canonical isomorphism dπα : Dp → Tπα(p)Vα for
any p ∈ Uα. Since ξ is a Killing vector field on (S, g), the restriction g|D of
the Sasaki metric g to D gives a well-defined Hermitian metric gTα on Vα. This
Hermitian structure is in fact Ka¨hler. The fundamental 2-form ωTα of g
T
α is the
same as the restriction of dη/2 to Uα. Hence we see that πα ◦ π−1β : πβ(Uα ∩Uβ)→
πα(Uα ∩ Uβ) gives an isometry of Ka¨hler manifolds. Therefore, the Reeb foliation
Fξ is a transversely Ka¨hler foliation.
From now on we denote by (S, g; ξ, η,Φ) a Sasaki manifold when we need to
specify the Reeb vector field, the contact form and the transverse holomorphic
structure.
Example 5.3. The restriction of the Reeb vector field ξ0 = ξ˜0 |S2m+1(1) to S
2m+1(1)
generates the S1-action (z0, · · · , zm) 7→ (eiθz0, · · · , eiθzm). Hence the transverse
Ka¨hler structure of the Reeb foliation Fξ0 is identified with the orbit space of the
S1-action, that is (CPm, gFS), where gFS is the Fubini-Study metric. In general
when the Reeb vector field generates a (locally) free S1-action, then we call the
Sasaki manifold (quasi-)regular. The transverse Ka¨hler structure of the Reeb
foliation of a (quasi-)regular Sasaki manifold is the Ka¨hler manifold (locally cyclic
Ka¨hler orbifold) obtained as the quotient space of the S1-action. Conversely when
we have a Ka¨hler manifold (locally cyclic Ka¨hler orbifold) (M,ω) with an integral
Ka¨hler class [ω], we can construct a (quasi-)regular Sasaki metric on S(L) whose
transverse Ka¨hler structure is (M,ω), where L is the complex line (orbi)bundle on
M with c1(L) = −[ω] and S(L) is the associated U(1)-bundle. See [7], [9] for the
detail.
On the other hand we call a Sasaki manifold irregular if the Reeb foliation has
a non-closed leaf. The transverse Ka¨hler structure of an irregular Sasaki manifold
cannot be realized as a Ka¨hler orbifold.
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The Einstein condition of a Sasaki manifold (S, g) is translated into Einstein
conditions of the Riemannian cone (C(S), g¯) or the transverse Ka¨hler structure as
follows.
Proposition 5.4. Let (S, g) be a (2m+1) dimensional Sasaki manifold. Then the
following three conditions are equivalent:
1. g is Einstein. Then Ricg = 2mg, where Ricg is the Ricci curvature of g.
2. The Riemannian cone (C(S), g¯) is a Ricci-flat Ka¨hler manifold.
3. The transverse Ka¨hler metric gT satisfies RicT = (2m + 2)gT , where RicgT
is the Ricci curvature of gT .
Example 5.5. Using the correspondence in Example 5.3, there is one-to-one corre-
spondence between quasi-regular Sasaki-Einstein manifolds and Ricci positive locally
cyclic Ka¨hler-Einstein orbifolds. Many examples of quasi-regular Sasaki-Einstein
manifolds are obtained by Boyer, Galicki and their collaborators. Their results can
be found in [9].
5.2. Integral invariants. In Chapter 2, we saw that there is an obstruction to the
existence of Ka¨hler metric of constant scalar curvature defined by (4). Especially
when the Ka¨hler class [ω] equals the first Chern class of the manifold c1(M), it
gives an obstruction to the existence of Ricci positive Ka¨hler-Einstein metric. On
the other hand, by Proposition 5.4, a (2m + 1) dimensional Sasaki manifold is
Einstein if and only if the corresponding transverse Ka¨hler metric is Einstein with
the Einstein constant 2m + 2. In this section we would like to define an integral
invariant which is an obstruction for a transverse holomorphic structure to admit
a transverse Ka¨hler-Einstein metric.
Let (S, g; ξ, η,Φ) be a compact Sasaki manifold. As in the Ka¨hler case, it is
necessary for the existence of a Sasaki-Einstein metric on S that the transverse
holomorphic structure (S,Φ) has transversely positive first Chern class. We would
see that there is further necessary condition, Proposition 5.9 below, for the existence
of Sasaki-Einstein metric.
Definition 5.6. A p-form α is called basic if
i(ξ)α = 0, Lξα = 0,
where ξ is the Reeb vector field on S, i is the interior product and Lξ is the Lie
derivative with respect to ξ. When we take into consideration the transversely holo-
morphic structure ({Ua}a∈A, πa : Ua → Va) on S, a (p+ q)-form α is called a basic
(p, q)-form if α is basic and there is a (p, q)-form αa on Va such that
α|Ua = π
∗
aαa
for each a ∈ A. Let ΛpB (resp. Λp,qB ) be the sheaf of germs of basic p-forms (resp.
basic (p, q)-forms) and ΩpB = Γ(S,Λ
p
B) (resp. Ω
p,q
B = Γ(S,Λ
p,q
B )) the set of all global
sections of ΛpB (resp. Λ
p,q
B ).
It is easy to see that dα is basic if α is basic. We set dB = d|Ω∗
B
. Then d2B = 0.
Hence we get a complex (Ω∗B, dB) and call it the basic de Rham complex. We have
the well-defined operators
∂B : Ω
p,q
B → Ωp+1,qB , ∂¯B : Ωp,qB → Ωp,q+1B
which satisfy dB = ∂B+ ∂¯B. The square of ∂¯B vanishes and then we have a complex
(Ωp,∗B , ∂¯B), the basic Dolbeault complex.
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Example 5.7. As we saw in the previous subsection, the transverse Ka¨hler form
{ωTα}α∈A of a Sasaki manifold (S, g; ξ, η,Φ) satisfies π∗αωTα = dη/2|Uα. Thus they
are glued together and give a dB-closed basic (1, 1)-form dη/2 on S. We also call
ωT := dη/2 the transverse Ka¨hler form. Similarly we see that the Ricci forms of the
transverse Ka¨hler metric {ρTα}α∈A, ρTα = −
√−1∂∂¯ log det(gTα ), are glued together
and give a dB-closed basic (1, 1)-form ρ
T on S. ρT is called the transverse Ricci
form.
Of course, the transverse Ricci form ρT depends on Sasaki metrics g. Neverthe-
less its basic de Rham cohomology class is invariant under some deformations of
Sasaki structure defined as follows.
Proposition 5.8. Let (S, g; ξ, η,Φ) be a Sasaki manifold and ϕ a basic function
on S such that dη + 2
√−1∂B ∂¯Bϕ is positive on the transverse of ξ. Then we
have a new Sasaki manifold (S, gϕ; ξ, ηϕ,Φ), where ηϕ = η +
√−1(∂¯B − ∂B)ϕ,
ωTϕ = dη/2 +
√−1∂B ∂¯Bϕ.
The basic de Rham class of the transverse Ka¨hler form ωTϕ is invariant under
such deformation of Sasaki structures. Similarly the basic de Rham class of the
transverse Ricci form [ρT /2π] is an invariant of transverse holomorphic structure.
We call [ρT /2π] the basic first Chern class and denote by cB1 (S,Φ). A Sasaki
manifold (S, g; ξ, η,Φ) is said to be transversely positive if the basic first Chern
class is represented by a transversely positive dB-closed (1, 1)-form. Sasaki-Einstein
manifold is transversely positive by Proposition 5.4. However we should note that
the basic first Chern class of a transversely positive Sasaki manifold is not always
represented by a transverse Ka¨hler form. In fact we see the following proposition.
Proposition 5.9 ([12]). The basic first Chern class is represented by τdη for some
constant τ if and only if c1(D) = 0. Here D = Ker η.
Recall that the integral invariant f on a Ka¨hler manifold, which is defined in
Chapter 2, is a character on the Lie algebra of holomorphic Hamiltonian vector
fields. Then we would like to define transverse holomorphic Hamiltonian vector
fields as follows.
Definition 5.10. We call a complex vector field X on a Sasaki manifold (S, g; ξ, η,Φ)
transverse holomorphic Hamiltonian if it satisfies the following two conditions:
(1) dπα(X) is a holomorphic vector field on Vα.
(2) The complex valued function uX =
√−1η(X)/2 satisfies
∂¯BuX = −
√−1
2
i(X)dη.
We denote by h(S, ξ,Φ) the set of all transverse holomorphic Hamiltonian vector
fields.
Now we define an integral invariant of Sasaki manifold. Let (S, g′; ξ′, η′,Φ) be
a transversely (2m + 1)-dimensional compact Sask. manifold. Suppose that it is
transversely positive and that c1(Ker η
′) = 0. Then if we choose a constant a > 0
properly, the D-nomothetic transformed Sask. manifold (S, g; ξ, η,Φ) satisfies
(14) cB1 (S,Φ) = (2m+ 2)[dη/2]B.
Here
ξ =
1
a
ξ′, η = aη′, g = erg′ + (a2 − a)η′ ⊗ η′,
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cB1 (S,Φ) is the basic first Chern class and [dη/2]B is the basic Ka¨hler class. By a
result of El Kacimi-Aloe [27] there is a basic function h such that
(15) ρT − (m+ 1)dη = √−1∂B ∂¯Bh.
We set
(16) fξ(X) =
∫
S
Xh (dη/2)m ∧ η, X ∈ h(S, ξ,Φ).
Then we can prove the following using similar arguments as the proof of Theorem
2.7.
Theorem 5.11 ([13], [38]). The linear function fξ on h(S, ξ,Φ) is invariant under
the deformation of Sask. structure (S, gϕ; ξ, ηϕ,Φ) by basic function ϕ. In particular
fξ is a Lie algebra homomorphism on h(S, ξ,Φ). Further if there exists a basic
function ϕ such that (S, gϕ; ξ, ηϕ,Φ) is Sasaki-Einstein, then fξ vanishes identically.
5.3. Toric Sasaki manifolds. First of all, we define toric Sasaki manifolds. Then
we see a relation between toric Sasaki manifolds and rational convex polyhedral
cones.
Definition 5.12. A Sasaki manifold (S, g; ξ, η,Φ) is said to be a toric Sasaki
manifold if the Riemannian cone (C(S), g¯, J) is a toric Ka¨hler manifold.
Let (S, g; ξ, η,Φ) be a (2m + 1) dimensional toric Sasaki manifold. Then, by
definition, (m + 1) dimensional torus Tm+1 acts on (C(S), g¯, J) effectively, holo-
morphically and isometrically. In this case the moment map µ : C(S)→ t∗ is given
by
〈µ(x), X〉 = r2η˜(X#(x)),
where t∗ is the dual of the Lie algebra t of Tm+1,X ∈ t andX#(x) = ddt |t=0 exp(tX)x.
Definition 5.13. Let Zt := Ker{exp : t → Tm+1} be the integral lattice of t. A
subset C ⊂ t∗ is a rational convex polyhedral cone if there exist λj ∈ Zt,
j = 1, . . . , d, such that
C = {y ∈ t∗ | 〈λj , y〉 ≥ 0, j = 1, · · · , d}.
We assume that the set {λj} is minimal in that for any j,
C 6= {y ∈ t∗ | 〈λk, y〉 ≥ 0, k 6= j}
and that each λj is primitive, i.e. λj is not of the form λj = aµ for an integer
a ≥ 2 and µ ∈ Zt. Under these two assumptions a rational convex polyhedral cone
C with nonempty interior is good if the following condition holds. If
{y ∈ C | 〈λij , y〉 ≥ 0, j = 1, · · · , k}, {i1, · · · , ik} ⊂ {1, · · · , d},
is a nonempty face of C, then λi1 , · · · , λik are linearly independent over Z and
(17)


k∑
j=1
ajλij | aj ∈ R

 ∩ Zt =


k∑
j=1
ajλij | aj ∈ Z

 .
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Lemma 5.14 ([46]). Let (S, g) be a (2m + 1) dimensional compact toric Sasaki
manifold. Then the image of the moment map C(µ) := µ(C(S)) is a good rational
convex polyhedral cone. Further there is a vector α in the interior of the dual cone
C(µ)∗ = {α ∈ t | 〈α,X〉 ≥ 0 for any X ∈ C(µ)}
such that the Reeb vector field ξ˜ is generated by α, that is ξ˜ = α#.
Conversely, if a good rational convex polyhedral cone C ⊂ t∗ and a vector α in
the interior of C∗ ⊂ t are given, then we can construct, by Delzant construction,
a (2m + 1) dimensional compact toric Sasaki manifold such that the image of the
moment map is C and the Reeb vector field is α#, see Proposition 3.4 of [19].
Such a Sasaki manifold is irregular if and only if α is an irrational point, that is
α /∈ Qt = Zt ⊗Q.
We next see when a toric Sasaki manifold (S, g; ξ, η,Φ) is transversely positive
and satisfies c1(D) = 0. We identify t
∗ ≃ Rm+1 ≃ t.
Definition 5.15 ([19]). Let C = {y | 〈λj , y〉 ≥ 0, j = 1, · · · , d} ⊂ Rm+1 be a good
rational convex polyhedral cone. We call C a toric diagram of height l if there
exists g ∈ SL(m+ 1,Z) such that gλj = (l, λ1j , · · · , λmj ) for each j. From now on,
we always replace λj by gλj and assume that the λj is of the form (l, λ
1
j , · · · , λmj ).
Theorem 5.16 ([19]). Let (S, g; ξ, η,Φ) be a (2m+ 1) dimensional compact toric
Sasaki manifold. If the equation (14) holds, then there is a positive integer l such
that the image of the moment map C ⊂ Rm+1 is a toric diagram of height l. Further,
the Reeb vector field can be written as ξ˜ = α#, α ∈ C∗c := (the interior of C∗) ∩
{(y0, · · · , ym) ∈ Rm+1 | y0 = l(m+ 1)}.
Conversely, if a toric diagram C ⊂ Rm+1 of height l and α ∈ C∗c are given, then
the (2m + 1) dimensional toric Sasaki manifold given by Delzant construction as
in Lemma 5.14 satisfies (14). In this case the l-th power K⊗lC(S) of the canonical
bundle KC(S) of C(S) is trivial.
Example 5.17. Let m = 2. Then toric diagrams of height 1 are obtained as
follows1. Let ∆ ⊂ R2 be an integral convex polygon and vj = (pj , qj) ∈ Z2, j =
1, · · · , d its vertices with counterclockwise order. Then C∆ = {(x, y, z) | x + pjy +
qjz ≥ 0, j = 1, · · · , d} is a rational convex polyhedral cone in R3. C∆ is a toric
diagram of height 1 if and only if C∆ is good.
Proposition 5.18. C∆ is good if and only if either
1. |pj − pj+1| = 1 or |qj − qj+1| = 1
or
2. |pj − pj+1| and |qj − qj+1| are relatively prime non-zero integers
for j = 1, · · · , d where we have put vd+1 = v1.
5.4. Sasaki-Ricci solitons. To investigate the existence problem of Sasaki-Einstein
metrics, we introduce transverse Ka¨hler-Ricci soliton (Sasaki-Ricci soliton).
Definition 5.19. A (2m + 1) dimensional Sasaki manifold (S, g; ξ, η,Φ) with a
Hamiltonian holomorphic vector field X is called aKa¨hler-Ricci soliton or Sasaki-
Ricci soliton if
(18) ρT − (2m+ 2)ωT = LXωT
1By [47], if S is simply connected, then the image of the moment map is a toric diagram of
height 1. However the converse is not always true, see [19].
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holds. Here ρT and ωT = dη/2 are the transverse Ricci form and the transverse
Ka¨hler form respectively.
If (S, g; ξ, η,Φ) with X is a Sasaki-Ricci soliton, then cB1 (S,Φ) = (2m+2)[ω
T ]B.
Moreover when X = 0, (S, g) is a Sasaki-Einstein manifold by Proposition 5.4.
We next consider the existence problem of Sasaki-Ricci solitons. We need to con-
sider “normalized transverse holomorphic Hamiltonian vector fields”, whose corre-
sponding Hamiltonian function uX satisfying
(19)
∫
S
uXe
hωT ∧ η = 0.
Here h is the real valued function on S defined by (15). For any transverse holomor-
phic Hamiltonian vector field X , there is a unique constant c ∈ R such that X + cξ
is a normalized transverse holomorphic Hamiltonian vector field. For simplicity of
notation, from now on any transverse holomorphic Hamiltonian vector field X we
consider is normalized and its Hamiltonian function is denoted by θX . Hence θX
satisfies (19).
As in Tian and Zhu [60] we define a generalized integral invariant fX for a given
transverse holomorphic Hamiltonian vector field X by
fX(v) = −
∫
S
θve
θXωT ∧ η.
We can see that fX gives an invariant of the transverse holomorphic structure
(S, ξ,Φ). Moreover it gives an obstruction to the existence of Sasaki-Ricci soliton,
that is, if (S, g; ξ, η,Φ, X) is a Sasaki-Ricci soliton then fX(v) = 0 for any v ∈
h(S, ξ,Φ). Note here that when X = 0 the invariant f0 is a constant multiple of
the integral invariant fξ defined by (16).
Proposition 5.20. Let (S, g; ξ, η,Φ) be a (2m + 1) dimensional compact Sasaki
manifold satisfying (14). Then there exists a normalized transverse holomorphic
Hamiltonian vector field X ∈ h(S, ξ,Φ) such that fX ≡ 0.
Let (S, g; ξ, η,Φ) be a (2m + 1) dimensional compact Sasaki manifold which
satisfies (14) and X ∈ h(S, ξ,Φ) such that fX ≡ 0. Then the Sasaki structure
(S, gϕ; ξ, ηϕ,Φ) defined by a real valued basic function ϕ, see Lemma 5.8, is a
Sasaki-Ricci soliton if and only if the following Monge-Ampe`re equation
(20)
det(gT
ij¯
+ ϕij¯)
det(gT
ij¯
)
= exp(−(2m+ 2)ϕ− θX −Xϕ+ h), (gTij¯ + ϕij¯) > 0
holds, [38]. Here gT
ij¯
is the components of the transverse Ka¨hler metric and ϕij¯ =
∂2ϕ/∂zi∂zj, where {zi} are holomorphic coordinates of Vα. Using the continuity
method, we see that there exists a Sasaki-Ricci soliton if we have a priori C0-
estimate of ϕ. When (S, g; ξ, η,Φ) is toric, we can verify a priori estimate as Wang
and Zhu [63] showed in toric Ka¨hler case.
Theorem 5.21 ([38]). Let (S, g; ξ, η,Φ) be a (2m+ 1) dimensional compact toric
Sasaki manifold which satisfies (14) and X ∈ h(S, ξ,Φ) such that fX ≡ 0. Then
there exists a Tm+1-invariant real valued basic function ϕ such that (S, gϕ; ξ, ηϕ,Φ, X)
is a Sasaki-Ricci soliton.
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Corollary 5.22 ([38]). Let (S, g; ξ, η,Φ) be a (2m+ 1) dimensional compact toric
Sasaki manifold which satisfies (14). If the integral invariant fξ defined by (16)
identically vanishes, then there exists a Tm+1-invariant real valued basic function
ϕ such that (S, gϕ; ξ, ηϕ,Φ) is a toric Sasaki-Einstein manifold.
5.5. Volume minimization. By Corollary 5.22, in toric Sasaki case, the integral
invariant fξ vanishes identically for ξ = α
#, α ∈ C∗c if and only if there is a
toric Sasaki-Einstein metric whose Reeb vector field is ξ. In the present section,
we see that there exists always such a Reeb vector field by virtue of the “volume
minimization property”, which was introduced by Martelli, Sparks and Yau in
[51], [52]. Note here that Wang and Zhu [63] proved that a toric Fano manifold
admits a Ka¨hler-Einstein metric if and only if the integral invariant f defined by
(4) identically vanishes. However it is well-known that there exist many toric Fano
manifolds such that f 6≡ 0. For example, CP 2#kCP 2, k = 1, 2 does not admit
Ka¨hler-Einstein metric.
Let S be a (2m + 1) dimensional compact manifold and Riem(S) the set of all
Riemannian metrics on S. If g0 ∈ Riem(S) is an Einstein metric with Einstein
constant 2m, then g0 is a critical point of the Einstein-Hilbert functional
S(g) :=
∫
S
(s(g) + 2m(1− 2m))dvolg,
where s(g) and dvolg are the scalar curvature and the volume element of g respec-
tively. (See, for example, Chapter 4 of [5].) Therefore, if there exists a Sasaki-
Einstein metric on S, it is a critical point of the Einstein-Hilbert functional. “Vol-
ume minimizing property” of Sasaki-Einstein metrics follows from this fact and
Proposition 5.24 below.
Now, we would like to define an appropriate deformation space of Sasaki metrics
from the Ka¨hler cone viewpoint. We have dealt with deformations of Sasaki metrics
by basic functions (Proposition 5.8) so far. Such deformations fix the Reeb vector
field and the transverse holomorphic structure. They are suitable to investigate the
transverse Ka¨hler geometry. However, for volume minimization, it is essential to
consider deformations of Sasaki metrics which change Reeb vector fields.
Let (S, g0; ξ0, η0,Φ0) be a (2m+ 1) dimensional compact Sasaki manifold. Sup-
pose that the cone (C(S), g¯0, J) is a Ka¨hler manifold with c1(C(S)) = 0. For
instance, when cB1 (S,Φ0) = (2m+ 2)[dη0/2]B, this condition holds. We denote by
T the maximal torus of the holomorphic isometry group of (C(S), g¯0, J).
Definition 5.23. Let g¯ be a Ka¨hler metric on the complex manifold (C(S), J). We
call g¯ a Ka¨hler cone metric if there exist a Riemannian metric g on S and a
diffeomorphism Ψg¯ : C(S) → R+ × S such that g¯ = Ψ∗g¯(ds2 + s2g), where s is the
standard coordinate of R+. Then g is a Sasaki metric on S.
The Reeb vector field and the contact form of g¯, viewed as the vector field and
the 1-form on C(M) respectively, are
ξ˜g¯ = Jrg¯
∂
∂rg¯
, η˜g¯ =
√−1(∂¯ − ∂) log rg¯.
Here rg¯ = pr1 ◦Ψg¯, pr1 : R+ × S → R+ is the projection.
Then we denote byKCM(C(S), J) the set of all Ka¨hler cone metrics on (C(S), J)
such that the maximal torus of the holomorphic isometry group is T . By identifying
g¯ and g, we can regardKCM(C(S), J) as a deformation space of Sasaki metrics on
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S. As in the case of toric Sasaki manifolds, the image C of the moment map with
respect to g¯ ∈ KCM(C(S), J) is a rational convex polyhedral cone in t∗, the dual
of the Lie algebra t of T . Moreover we see that the Reeb vector field is generated by
an element in the interior of the dual cone C∗ ⊂ t of C. Especially, if the condition
(14) holds, such an element is included in the interior of a convex polytope C∗c ,
which is the intersection of C∗ with an affine hyperplane in t. See Section 2.6 of
[52] or Proposition 6.8 of [38]. So we put
KCMc = {g¯ ∈ KCM(C(S), J) | ξ˜g¯ ∈ C∗c}
and KCMc(ξ˜) = {g¯ ∈ KCMc | ξ˜g¯ = ξ˜} for each ξ˜ ∈ C∗c . By Proposition 5.4, if g¯ ∈
KCM(C(S), J) is Ricci-flat, in other words, g is Sasaki-Einstein, then g¯ ∈ KCMc.
If we restrict the Einstein-Hilbert functional S to KCMc, it is proportional to
the volume functional:
Proposition 5.24 ([52]). Let g¯ ∈ KCMc. Then we have
(21) S(g) = 4mVol(S, g).
We have the following first variation formula of the volume functional onKCM(C(S), J).
Proposition 5.25 ([52]). Let {gt}−ε<0<ε be a 1-parameter family of Ka¨hler cone
metrics in KCM(C(S), J). Then
(22)
d
dt
Vol(S, gt)|t=0 = −(m+ 1)
∫
S
η(X)dvol
holds. Here η and dvol are the contact form and the volume element of g0 respec-
tively and t ∋ X = dξt/dt|t=0.
Corollary 5.26. The volume functional on KCMc(ξ˜) is constant for each ξ˜ ∈ C∗c .
Hence, by Lemma 5.24 and Corollary 5.26, S|KCMc is reduced to a function on
C∗c and we denote it by S˜ : C∗c → R. By the second variation formula of the volume
function, see [52] or [38], we get the following theorem.
Theorem 5.27 (Volume minimization of Sasaki-Einstein metric, [52]). If g¯ ∈
KCMc is Ricci-flat, then the Reeb vector field ξ˜g¯ ∈ C∗c is the unique minimum
point of S˜.
Example 5.28. Let (S, g0; ξ0, η0,Φ0) be a (2m + 1)-dimensional compact toric
Sasaki manifold satisfying the condition (14). Then KCMc consists of toric Ka¨her
cone metrics on (C(S), J) such that the corresponding Sasaki metric satisfies (14).
In this case, as we saw in Section 5.3, the image C of the moment map is a toric
diagram of height l in Rm+1. We also see that S˜ is
S˜(ξ˜) = 8m(m+ 1)(2π)m+1Vol(∆(ξ˜)),
see [51]. Here ∆(ξ˜) = {x ∈ C | ξ˜ · x ≤ 1} and Vol(∆(ξ˜)) is the Euclidean volume
of ∆(ξ˜). This function is convex and proper on the interior of the m dimensional
convex polytope C∗c . Therefore S˜ has the unique minimizer ξ˜min ∈ C∗c .
Now, Theorem 5.27 gives a necessary condition for existence of a Ricci-flat Ka¨hler
cone metric in KCMc(ξ˜). Actually, it is reduced to vanishing of the integral invari-
ant fξ˜ by the following theorem.
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Theorem 5.29 ([52], [38]). The first variation dξ˜S˜ of S˜ at ξ˜ ∈ C∗c equals to
−√−1fξ˜.
Hence we see the following existence results of toric Sasaki-Einstein metrics, by
Corollary 5.22 and Theorem 5.29.
Theorem 5.30 ([38]). Let (S, g; ξ, η,Φ) be a (2m+ 1) dimensional compact toric
Sasaki manifold satisfying (14) and ξ˜min ∈ C∗c the minimizer of S˜. Then there
exists a Ricci-flat Ka¨hler cone metric gSE in KCMc(ξ˜min). The corresponding
Riemannian metric gSE is a toric Sasaki-Einstein metric on S. On the other hand,
there is no Ricci-flat Ka¨hler cone metric in KCMc(ξ˜) if ξ˜ 6= ξ˜min. That is to say,
there exists no Sasaki-Einstein metric with the Reeb vector field ξ˜g¯ 6= ξ˜min.
Example 5.31. For the integral vectors
λ1 = (1, 0, 0), λ2 = (1, 1, 0), λ3 = (1, 2, 1), λ4 = (1, 1, 2), λ5 = (1, 0, 1),
the rational convex polyhedral cone {x ∈ R3 | x·λi ≥ 0, i = 1, 2, 3, 4, 5} in R3 is a 3-
dimensional toric diagram of height 1, by Lemma 5.18. Then the toric variety minus
the apex (C(S), J) given by Delzant construction is K
CP 2#2CP 2 \ (zero section),
where K
CP 2#2CP 2 is the canonical bundle of the two-point blow-up of the complex
projective plane CP 2#2CP 2. By the computation of [51],
ξ˜min = (3,
9
16
(−1 +
√
33),
9
16
(−1 +
√
33)).
Therefore, in this case, there is an irregular toric Sasaki-Einstein metric on the
associated S1-bundle S(K
CP 2#2CP 2). Note here that CP
2#2CP 2 does not admit
Ka¨hler-Einstein metric, since the regular Reeb vector is (3, 3, 3) 6= ξ˜min.
When m = 2, we can get the following result as an application of Theorem 5.30.
Theorem 5.32 ([19]). For each positive integer k there exists an infinite family of
inequivalent toric Sasaki-Einstein metrics on the k-fold connected sum #k(S2×S3)
of S2 × S3.
The existence of Sasaki-Einstein metrics, which is possibly non-toric, on #k(S2×
S3) has been known by the works of Boyer, Galicki, Nakamaye and Kolla´r ([10],
[11], [44]), and that the existence of toric Sasaki-Einstein metrics for all odd k’s has
been known by van Coevering ([61]). Hence our results is new in that we obtain
toric constructions for all k’s. Moreover most of our examples should be irregular
while the previous ones are all quasi-regular.
As another application of Theorem 5.30, we get the following.
Theorem 5.33 ([36]). Let M be a toric Fano manifold and L a holomorphic line
bundle on M such that KM = L
⊗p for some positive integer p. Then, for each
positive integer k, there exists a complete scalar-flat Ka¨hler metric on the total
space of L⊗k. In particular, when k = p, it is Ricci-flat.
When M is the one-point blow-up of the complex projective plane, Oota-Yasui
[56] constructed such complete Ricci-flat Ka¨hler metric explicitly, but their metric
is different from the one constructed in [36].
Theorem 5.34 ([36]). Let (S, g) be a compact Sasaki-Einstein manifold. We de-
note by (C(S), J, g¯) the Ka¨hler cone manifold. Then the following statements hold.
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(a) There exists a complete scalar-flat Ka¨hler metric on (C(S), J)D
(b) For any negative constant c, there is γ > 0 such that there exists a complete
Ka¨hler metric of scalar curvature c on the submanifold {0 < r < γ} ⊂ C(S).
Hence a toric Ka¨hler cone C(S) obtained from a toric diagram admits a complete
scalar-flat Ka¨hler metric.
As a special case of Theorems 5.33 and 5.34, we have the following.
Theorem 5.35 ([36]). Let M be a toric Fano manifold. Then there exists a com-
plete Ricci-flat Ka¨hler metric on the total space of the canonical bundle KM .
Theorem 5.35 is an extension of the Eguchi-Hanson metric (M = CP1, [26]) or
the Calabi metric (M = CPm, [14]).
Theorem 5.36 ([36]). Let M be a toric Fano manifold. Then there exists a com-
plete scalar-flat Ka¨hler metric on KM \ {zero section}.
We can prove Theorems 5.35 and 5.36 by applying the moment construction
([43]) to η-Einstein Sasaki manifolds.
5.6. Uniqueness of toric Sasaki-Einstein metrics. In the present section, we
see the uniqueness of Sasaki-Einstein metrics on compact toric Sasaki manifolds
modulo the action of the identity component of the automorphism group for the
transverse holomorphic structure.
Definition 5.37. Let (S, g; ξ, η,Φ) be a Sasaki manifold and (C(S), g¯, J) its Ka¨hler
cone. We call an automorphism of (C(S), J) an automorphism of transverse
holomorphic structure if it commutes with the holomorphic flow generated by
ξ˜ − √−1Jξ˜. We denote by Aut(C(S), ξ˜)0 the identity component of the group of
the automorphism of the transverse holomorphic structure.
In Ka¨hler geometry a well-known method of proving uniqueness of constant
scalar curvature metrics is to use geodesics on the space of all Ka¨hler metrics in
a fixed Ka¨hler class, see [16], [49] for example. This idea becomes substantially
simpler when the Ka¨hler manifold under consideration is toric because the geodesic
becomes a line segment expressed by the symplectic potentials, which is the Le-
gendre dual of the Ka¨hler potentials, see [41]. In the Sasaki case, we can prove the
uniqueness of toric Sasaki-Einstein metric using a similar idea.
Let (S, g; ξ, η,Φ) be a (2m+ 1)-dimensional compact Sasaki manifold satisfying
the condition (14) and put
K(ξ˜) := {ϕ : T -invariant basic function | ωT +√−1∂B ∂¯Bϕ > 0},
where K(ξ˜)/R ≃ KCMc(ξ˜), ϕ+(constant)7→ gϕ (gϕ is the Sasaki metric obtained
as Proposition 5.8). Then we define the equation of geodesics {ϕt} in K(ξ˜) as
(23) ϕ¨t − |∂¯ϕ˙t|2ωt = 0
As in Ka¨hler case, we can show that the existence of geodesics induces the
uniqueness of Sasaki-Einstein metrics, since the “transverse Mabuchi energy” is
convex.
Proposition 5.38. Let (S, gϕi ; ξ, ηϕi ,Φ), i = 1, 2, be Sasaki-Einstein manifolds.
If there exists a geodesic in K(ξ˜) connecting ϕ1 and ϕ2, then α∗gϕ2 = gϕ1 for some
α ∈ Aut(C(S), ξ˜)0.
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Especially, when (S, g; ξ, η,Φ) is a toric Sasaki manifold, we see the existence of
geodesics, as Guan’s procedure in the toric Ka¨hler case ([41]).
Theorem 5.39 ([19]). Let (S, gϕi ; ξmin, ηϕi ,Φ), i = 1, 2, be compact toric Sasaki-
Einstein manifolds. Then α∗gϕ2 = gϕ1 for some α ∈ Aut(C(S), ξ˜)0.
5.7. Obstructions to the existence of Sasaki-Einstein metrics. By The-
orems 5.30 and 5.39, we have solved the existence and the uniqueness of Sasaki-
Einstein metrics in the compact toric case. Then, does there exist a Sasaki-Einstein
metric in the non-toric case? The answer to this question, in general, is no. There
are some obstructions to the existence of Sasaki-Einstein metrics. They were sug-
gested by Gauntlett, Martelli, Sparks and Yau in [40]. In the present section, we see
such obstructions, called the Bishop obstruction and the Lichnerowicz obstruction.
Let (S, g; ξ, η,Φ) be a compact Sasaki manifold and (C(S), g¯, J) the Ka¨hler cone.
To introduce the obstructions, we must define an invariant of the triple (C(S), J, ξ˜),
where ξ˜ is the Reeb vector field of g. We denote by H(S) the L2-closure of the
set of all smooth functions f on S which can extend to holomorphic functions f˜
on {r ≤ 1} ⊂ (C(S), J) with f˜ → 0 (r → 0). H(S) is called the Hardy space.
Then the operator T = ξ|H(S)/
√−1 on H(S) is a first-order self-adjoint Toeplitz
operator with positive symbol.
Proposition 5.40. T has non-negative discrete spectra.
Proof. By [8], T has discrete spectra bounded from below. Suppose that f ∈ H(S)
satisfies Tf(= ξf/
√−1) = λf . Then we see that the holomorphic extension f˜ of f
is given by f˜ = rλf . Hence λ ≥ 0 by the definition of H(S). 
Of course, the eigenvalues of T depends only on the triple (C(S), J, ξ˜). So they
define invariants of (C(S), J, ξ˜) called charges, [52], [40].
Example 5.41. Let (S, g; ξ, η,Φ) be a regular Sasaki manifold. Then the Reeb
vector field ξ generates a free S1 action on S and the Sasaki structure induces the
Ka¨hler structure on the quotient space M = S/S1. Moreover there is an ample
line bundle L over M such that S = S(L), where S(L) is the total space of the
associated S1-bundle, see Example 5.3. In such case, we see that
H(S) ≃
∞⊕
k=0
H0(M ;Lk)
and H0(M ;Lk) is the charge k eigenspace for each non-negative integer k.
By Corollary 5.26, the volume Vol(S, g) of a Sasaki manifold (S, ξ,Φ) is an
invariant of (C(S), J, ξ˜). We can obtain the invariant Vol(S, g) from the asymptotic
behavior of the charges.
Theorem 5.42 ([52], [8]). Let 0 = λ0 < λ1 ≤ · · · be the charges of a compact
(2m+ 1)-dimensional Sasaki manifold (S, g; ξ, η,Φ). Then
(24) Vol(S, g) = γ2m+1 lim
tց0
tm+1
∞∑
j=0
exp(−tλj),
where γ2m+1 is the volume of the (2m+ 1)-dimensional unit sphere.
In addition the charges relate with the eigenvalues of the Laplacian of (S, g).
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Proposition 5.43. Let f ∈ H(S). If Tf = λf , then ∆Sf = λ(λ + 2m)f . Here
∆S is the Laplacian of (S, g) acting on C
∞(S).
Proof. The holomorphic extension f˜ = rλf of f is harmonic, since ({r ≤ 1}, g¯, J)
is Ka¨hler. Therefore
0 = ∆C(S)f˜ =
1
r2
∆S(r
λf)− 1
r2m+1
∂
∂r
(
r2m+1
∂
∂r
)
(rλf)
= rλ−2(∆Sf − λ(λ+ 2m)f),
where ∆C(S) is the Laplacian of ({r ≤ 1}, g¯) acting on C∞({r ≤ 1}). 
Now, we recall the following two theorems from Riemannain geometry. The
first one is a theorem of Lichnerowicz [48]; if (S, g) is a m-dimensional complete
Riemannian manifold with Ric ≥ (m−1)g, thenM is compact and the first positive
eigenvalue of the Laplacian is greater than or equal to m. The second one is a
theorem of Bishop [6]; if (S, g) is a m-dimensional complete Riemannian manifold
with Ric ≥ (m − 1)g, then the volume Vol(S, g) is less than or equal to γm, the
volume of the m-dimensional unit sphere. As a result of these theorems, we have
the following necessary conditions for the existence of Sasaki-Einstein metrics.
Theorem 5.44 (Lichnerowicz’s obstruction, [40]). Let (S, g; ξ, η,Φ) be a (2m+1)-
dimensional compact Sasaki-Einstein manifold. Then the first positive charge λ1 is
greater than or equal to 1. 2.
Theorem 5.45 (Bishop’s obstruction, [40]). Let (S, g; ξ, η,Φ) be a (2m + 1)-
dimensional compact Sasaki-Einstein manifold. Then the volume Vol(S, g), which
is an invariant of (S, ξ,Φ) by Corollary 5.26 or Theorem 5.42, is less than or equal
to γ2m+1.
Example 5.46 ([40], [8]). We consider the action of C∗ on Cm+2 defined as
(z0, · · · , zm+1) 7→ (qw0z0, · · · , qwm+1zm+1), w = (w0, · · · , wm+1) ∈ Nm+2, q ∈ C∗.
Suppose that a polynomial F on Cm+2 satisfies
F (qw0z0, · · · , qwm+1zm+1) = qdF (z0, · · · , zm+1), d ∈ N
and that X = {F = 0} ⊂ Cm+2 has no singular point except the origin. Moreover
we assume that |w| = ∑wj > d. Note that this last condition corresponds to the
Fano property of the quotient X/C∗.
Let ζ be the generator of the S1 ⊂ C∗ action on X. If we normalize it as
ξ˜ =
m+ 1
|w| − dζ,
then we see that ξ˜ ∈ C∗c , see [40]. Of course, when ξ˜ is not the minimizer of S˜, there
exists no Ricci-flat metric in KCMc(ξ˜). Thus suppose here that ξ˜ is the minimizer
of S˜. Then it is easy to see that
(25) λ1 =
(m+ 1)min{wj}
|w| − d , Vol =
dγ2m+1(|w| − d)m+1
(m+ 1)m+1
∏
wj
.
2In [40], it is indicated that the first positive charge λ1 of any compact regular Sasaki manifold
satisfying (14) is greater than or equal to 1. Hence, this condition does not give new obstruction
to the existence of Ka¨hler-Einstein metric.
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If we choose w such that λ1 or Vol in (25) do not fulfil the conditions in Theorems
5.44 or 5.45, then X does not admit Ricci-flat Ka¨hler cone metric whose Reeb vector
field is ξ˜.
For example, let F be a polynomial given by F (z0, · · · , zm+1) = za00 + · · ·+zam+1m+1 ,
where (a0, a1, . . . , am+1) ∈ (Z≥0)m+2. Then the three conditions, |w| > d, λ1 ≥ 1
and Vol ≤ γ2m+1 can be expressed in (a0, a1, . . . , am+1) as follows.
|w| > d ⇐⇒ 1
a0
+ · · ·+ 1
am+1
> 1
(26) λ1 ≥ 1 ⇐⇒ (m+ 1)min{1/aj} ≥ 1
a0
+ · · ·+ 1
am+1
− 1
(27) Vol ≤ γ2m+1 ⇐⇒ (
∏
aj)(
1
a0
+ · · ·+ 1
am+1
− 1) ≤ (m+ 1)m+1
In case when m = 2 and a0 = a1 = a2 = 2, a3 = k > 4, (26) does not hold. In this
case, ξ˜ is the minimizer of S˜, see [40]. Therefore {z20 + z21 + z22 + zk3 = 0} ⊂ C4,
k > 4 admits no Ricci-flat Ka¨hler cone metric 3.
Lastly, we would like to comment on a relation between the existence of Sasaki-
Einstein metric and GIT-stability. It is hard to treat an irregular Sasaki manifold
in the methods of algebraic geometry. Therefore we feel that, in the Sasaki case,
there is no direct relation with GIT-stability nor K-stability when 2-dimensional
torus acts isometrically. However we can define the Bergman kernel (Szego¨ kernel)
on the cone of a Sasaki manifold and can analyze them. In fact we saw that the
asymptotical behavior of charges has an important information on the existence of
Sasaki-Einstein metric. Thus we could imagine that the existence of Sasaki-Einstein
(or constant scalar curvature Sasaki) metric is equivalent to some asymptotic ana-
lytical conditions, not algebraic ones.
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